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THE 2019 IMO 

This year the 60th International Mathematical Olympiad (IMO) will take place in Bath in July. 

The Opening Ceremony will take place on July 15 and the Closing Ceremony on July 21. The IMO is the World 

Championship Mathematics Competition for High School students and is held annually in a different country. The 

first IMO was held in Romania, with seven countries participating. It has gradually expanded to over 100 countries 

from five continents. The IMO Board ensures that the competition takes place each year and that each host 

country observes the regulations and traditions of the IMO. 

Last year the UK finished 12 out of 107 and Agnijo Banerjee was ranked 1st with a perfect score of six 7s. 

To find out more about the 2019 event, visit www.imo2019.uk/.  

Information about the IMO in general, with results over the years, visit www.imo-official.org/  

Breaking News 

La Force du Savoir (The Power of Knowledge) 

This 35 tonne granite sculpture was spotted at Sartilly, a French town near the Mont St Michel. It represents the range of 

books in a library and on the side shown you can see the Golden Ratio at the top. On the other side are seven words 

chosen by the children in the area: Liberte, Creation, Respect, Effort, Evolution, Imagination and Ecriture. 

       

http://www.imo2019.uk/
http://www.imo-official.org/
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EDITORIAL 

Welcome to 2019. I hope this new year works out well 

for you in whatever you do, wherever you are. 

On December 21st last year the largest known prime 

number, 82,589,9332 1− was discovered. It has 24,862,048 

digits and is the 51st Mersenne prime and was found by 

Patrick Laroche on December 7. Read more about it at 

www.mersenne.org.  

In this issue we start with another crossnumber from 

Paul Harris and then Paul Stephenson has been very 

busy working with shapes, starting by dissecting even-

sided polygons into rhombuses. Later on, he writes 

about pentagon 15 that can be used to tile the plane 

and how it was discovered. It is interesting that he 

mentions glide reflections: at the start of this century 

these were part of the GCSE mathematics syllabus. Neil 

Walker sets us some interesting work on circle parts 

and regions as well as providing us with two pages of 

short problems. I asked Jenny Ramsden to write about 

Katherine Johnson as she (KJ) celebrated her century 

last year and this leads on nicely to Graham Hoare’s 

article on a rocket equation. That’s followed by a bit on 

experimenting with rockets and the UK Youth Rocketry 

Challenge. A big thank you to Matthew Mason who has 

let us know how he solved the interesting squares 

problem in the last edition of SYMmetryplus. 

The Mathematical Association publish a number of 

journals, one of which, The Mathematical Gazette, 

contains some student problems and I have included 

some here for those of you who like to be challenged. 

All the answers and an index can be found on the 

SYMmetryplus page on the MA website:  

http://www.m-a.org.uk/symmetry-plus. 

Articles and pictures on what inspire you are always 

welcome! Please send them to me at 

symmetryplus@m-a.org.uk. 

Peter Ransom  

 

CROSSNUMBER 

1  2  3  

  4    

    5 6 

7 8  9   

 10     

11   12   

 

Across 

1. A prime number times 49. 

3. The largest two-digit prime number. 

4. The smallest number with four different prime 

factors. 

5. A prime number which equals 4 3n − for some value 

of n . 

7. This number equals the square of the sum of its 

digits. 

10. This number is a palindrome where the middle digit 

is the sum of the other digits. 

11. Two dozen. 

12. A power of 2. 

Down 

1. The digits of this number form a geometric 

sequence. 

2. A perfect cube. 

3. One more than a perfect square. 

6. A power of 2 multiplied by 101. 

8. A Fibonacci number that is also a perfect square. 

9. Three consecutive digits. 

Paul Harris 

 

http://www.mersenne.org/
http://www.m-a.org.uk/symmetry-plus
mailto:symmetryplus@m-a.org.uk
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RHOMBS IN POLYGONS 

As the title states, this piece is about polygons – in fact 

even-sided regular polygons – dissected into 

rhombuses. Everything of importance is contained in 

the following figures. 

Therefore, before I continue, study it carefully and see 

what ‘jumps out at you’.   

 

 

 

 

Fig. 1 

 

 

Fig. 2 

The most important thing is the one you are least likely 

to spot. Start outside one of the pictures and follow a 

track across the rhombs, following this rule: Always exit 

one rhomb across a side parallel to the one across which 

you entered. You find you can cross the whole polygon 

and come out the other side. Even-sided regular 

polygons are examples of zonogons. A zone is a band of 

rhombs like the one you have just traversed. 

If our polygons have 2n sides, then n in Fig. 1 is 4 – it is 

an octagon; in Fig. 2, 5 – it is a decagon. In the second 

case we can arrange the rhombs in a ‘lotus flower’ 
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pattern (top) and rearrange them in a ‘star’ pattern 

(bottom). In Fig. 1, we cannot do this unless we shrink 

them first! Because we have to scale them by ½, there 

are four times as many tiles on the second figure as on 

the top one. 

So, the question is: Why is this necessary in the first 

case but not the second? 

Experiment on this hypothetical polygon. Start at the 

perimeter and work your way inwards, adding rhombs 

as you go and working out angles. These are the facts 

you need: 

1. The interior angle. Using Seymour Papert’s TTTTT 

(The Total Turtle Trip Theorem), this exterior angle is 

2π π

2n n
= . 

 

 

… so this, the interior, angle is 
π π

π ( 1)n
n n

− = − . 

It will be handy to make 
π

n
your unit angle. 

2. Opposite angles of a rhombus are equal. 

3. Adjacent angles of a rhombus are supplementary – 

so, in our case, the straight angle is n, so we might have 

n – t and t as our two supplementary angles. 

4. A whole angle is equal to 2n.  

Confirm the sizes of the angles I have marked as I have 

followed a zone: 

 

These angles decrease by an odd number of units each 

time. If we are to reach the centre, the gap between 

adjacent rhombs must close up, i.e. the angle must 

become exactly 0. This will only happen if n is itself an 

odd number. So it works for the decagon but not the 

octagon.  

In the ‘lotus flower’ arrangement in a dodecagon below 

we have marked supplementary angles through a zone 

to show how the same rhombs get repeated but in 

different orientations. Here n = 6, an even number, so 

the angles go from 1 to 5, an odd number. This means 

that we will always have one rhomb with equal 

supplementary angles in the middle - a square! 

Notice also that, counting the rhombs from the top, we 

have 1 + 2 + 3 + 4 + 5, the fifth triangular number, which 

is 
5 (5 1)

15
2

 +
= of them. Write the formula in terms of n. 

It is not possible to dissect an even-sided regular 

polygon into fewer rhombs, though we shall not 

attempt to prove this. 

 

Go to the Wikipedia entry ‘Regular polygon’ and down 

to section 2.5, ‘Dissections’. 

Paul Stephenson 

Editor’s note: the plural of rhombus (or rhomb) can be 

rhombuses, rhombi (or rhombs).  
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KNIGHTS’ TOURS 

In chess a knight moves in an L shape such that it 

moves two squares along a row or column followed by 

one square in a direction perpendicular to this.  

Normally a chess board is 8 squares by 8 squares but 

for our purposes in this article the board could be 

rectangular of any number of rows and columns.  

Below are shown some knights, shown by the letter N 

(often used in chess to distinguish it from the King, 

which uses K), with some asterisks marking the squares 

to which each knight could move.   

N          

  *    *  *  

 *    *    * 

       N   

     *    * 

      *  *  

          

 *         

  *      *  

N       *   

  *       N 

 *      *   

 

A knight’s tour is a route which in the knight, in making 

legitimate knight moves, visits every square once and 

only once.  A possible knight’s tour for a 3 by 4 board is 

given below, the number 1 showing where the knight 

starts, 2 showing its second position, and so on. 

3 6 9 12 

8 11 2 5 

1 4 7 10 

 

Clearly in boards with only 1 or 2 rows, the knight does 

not have enough space to turn around adequately so a 

knight’s tour is not possible (apart from trivially in a 1 

by 1 board where the tour has already been 

completed!)    

What about boards with 3 rows?   

We already know that the 3 by 1 and 3 by 2 are not 

going to work, and a knight sitting in the middle of a 3 

by 3 board will not have any squares to go to!  

However, the 3 by 4 board gives us some hope that 

future boards may be possible.   

However, this does not occur immediately.  Why not?  

Let us examine a 3 by 5 board. 

     

    x 

     

 

It will be noticed that in travelling along a tour, the 

colour of the square that the knight occupies alternates 

between what are traditionally referred to as black and 

white.  In particular, on the 3 by 5 board shown this 

means that any knight’s tour must start and finish on a 

black square, given the way I have shaded the board, as 

there are 8 black squares and 7 white squares. 

Given that the tour goes through every square once 

and only once, it must go through the square on the far 

right of the middle row in which I have placed an x for 

the xth position occupied by the knight.   
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This square is a white square so it cannot be the 

starting or ending square for the tour.   

In addition, the knight can only go to or come out of 

this square via two squares, the middle square in the 

top row and the middle square on the bottom.   

Without loss of generality, I will label the square in the 

top row as the position the knight was in prior to x and 

the square in the bottom row as the one it goes to 

immediately after x.  (Of course, it could have been the 

other way around but the alternative is a mirror image 

of the one being considered, and so anything I say 

about this one, will be true of the alternative!) 

  x-1   

A    x 

  x+1   

 

However, when will square A be visited?  A is only 

linked by knight moves to the squares labelled as the  

x – 1th and x + 1th positions.  It needs to be somewhere 

in the tour, and this means that A must either be 

positioned at the x – 2th or x + 2th position of the tour.   

We are now stuck!  If A is at the x – 2th position there 

are no positions left for it to have been somewhere 

previous to this and so A must be the 1st position.  If A 

is at the x + 2th position it cannot go anyway else after 

this and so A must be the 15th position.  However, both 

of these scenarios mean that the knight’s tour must 

either start or finish on a white square which we know 

is impossible.  Hence a knight’s tour for a 3 by 5 grid is 

not possible. 

However, on a more encouraging note, the 3 by 7, 3 by 

8 and 3 by 9 cases are possible as show below. 

17 14 19 2 5 8 11 

20 1 16 13 10 3 6 

15 18 21 4 7 12 9 

 

5 2 19 22 9 12 17 14 

20 23 6 3 18 15 8 11 

1 4 21 24 7 10 13 16 

 

5 2 17 14 11 8 19 22 25 

16 13 6 3 18 27 24 9 20 

1 4 15 12 7 10 21 26 23 

 

The questions I leave the reader to decide are whether 

the 3 by 6 board has a knight’s tour, and also whether 

all longer boards of width 3 have knight’s tours.  These 

cases will be followed up in a forthcoming article! 

 

Andrew Palfreyman 

THE KING WHO LIKED CHESS 

There is a story that a king so liked the game of 

chess, he decided to give the person who invented 

the game a reward. The king asked that person 

what they would like. The inventor, being a canny 

mathematician asked for some wheat: to be 

modest they asked for just one grain for the first 

square of the board, two grains for the second, 

four grains for the third and so on, doubling each 

time until the inventor had a reward for each 

square. 

The king thought this an excellent modest idea 

until the total amount was calculated as 

18,446,744,073,709,551,615 grains of wheat! 

(~1645 times the global wheat production in 2014) 
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PENTAGON 15 

If we have to tile the plane and we are only allowed 

one kind of tile, triangles present no problem; 

quadrilaterals present no problem - they do not even 

have to be convex and we do not need to turn any 

over. For a non-convex pentagon all we have to do is 

dissect a parallelogram into two ‘sphinxes’:         

 

But convex pentagons are another matter. We know 

from the interior angle that the regular pentagon does 

not tile: 108° does not divide 360°. If we relax the 

conditions that all the sides and angles have to be 

equal, what values should we keep? These rules are 

helpful: 

1. Give as many sides as possible the same length. If 
a side length is unique, the pentagon can only 
share that side with the corresponding side of 
another one. 

2. If the lengths have to be different, make one a 
simple multiple of another, for example 2:1. Then, 
if the angles allow it, we can fit the ‘a’ sides of two 
pentagons to the ‘2a’ side of a third. 

3. Make the angles multiples of a unit fraction of 
360°. (All the angles of the polygons making up 
the regular and semi-regular tilings are multiples of 
15° - if we exclude the regular octagon, 30°.) 

 
The most famous pentagon that tiles, the ‘Cairo’ tile, 

has four equal sides, three angles of 120° and two of 

90°. 

This was the problem facing Casey Mann, Jennifer 

McLoud-Mann and David Von Derau in 2015 as they 

sought a congruent pentagon beyond the 14 then 

known to tile the plane. The rules they used to program 

their computer were far tighter than my 1 to 3. There is 

no better way to learn a subject than to teach it and, 

when you teach a computer, it does not accept any 

explanation which is not absolutely precise. So, in went 

their program, and out popped - amongst other 

interesting results - pentagon no. 15! This is it: 

 

(What do you think the red angle numbers show?) 

Because the tile is asymmetric and we have to turn 

some over, I have shown it both ways round. I have 

also dissected it into regular polygons or parts of them. 

A is half a regular hexagon, B a square, and C the part 

of a regular 12-gon cut off by the shortest diagonal. 

Three of the side lengths are equal, a fourth double 

that length. The fifth is unique so only meets the 

corresponding side of another pentagon. This is handy 

as it means we can make the tiling from Pattern Blocks. 

The standard set contains 30° rhombuses, which is 

what we need here. As you see, I have picked out the 

pentagons in white. I have also marked the symmetry 

elements acting on the whole tiling.  

 

A 

B 

C 

1 

1 

2 

1 
4 

9 

10 

7 6 
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The blue dots are centres of half-turn symmetry. I have 

distinguished the two different sites by giving one a 

black ring. The green lines are glide reflection axes.  

To help explain this term I have taken the column of 

tiles along a vertical green line and split it into two sets. 

One set is reflected then displaced parallel to the axis 

(or vice versa).                

 

The vertical displacement needed is equal to the 

spacing of the horizontal green lines, and the horizontal 

displacement needed is equal to the spacing of the 

vertical green lines. The green lines lie midway between 

the blue dots. So we have a pattern like this: 

 

Here is a simpler pattern than our tiling but with the 

same symmetry. It shows the footsteps of a metal 

detectorist following a farmer ploughing a field – he will 

forgive me if I have simplified his feet: 

 

                    

 

This gives us three symmetry operations which take the 

tiling to itself: half-turns, glide reflections and - what 

makes this a periodic tiling - translations. If you group 

the tiles in blocks of three like the turquoise ‘ibis’ 

shown in two places on the tiling, you can get from one 

block to the other by using some combination of those 

symmetries.  

Go to the Wikipedia entry ‘Pentagonal tiling’, go down 

to ‘Type 15’ and study the right-hand of the three 

diagrams. It shows the smallest unit which generates 

the whole tiling by translation, the primitive unit. (You 

can see how the top edge fits the bottom edge.) See if 

you can trace it on my picture of the tiling. Start with the 

tip of the beak of the turquoise ibis on the right and work 

your way left across the centre of point symmetry (blue 

dot) to the tip of the beak of ibis no. 4 at the point 

diametrically opposite. 

It took 50 years to get from Pentagon 1 to Pentagon 8. 

But what is interesting to you, a member of The 

Society of Young Mathematicians, is the way we got 

from Pentagon 8 to Pentagon 13. In July 1975 Martin 

Gardner covered the topic of which convex polygons 

tile the plane in his Mathematical Games column in 

Scientific American. In it he described the eight types of 

pentagon then known to do so. The piece was read by 

a professional programmer and a mathematical 

amateur, Marjorie Rice. Both went on to add new kinds 

of tile to the list - in Rice’s case, another four. It was 

also read by George Szekeres and Michael Hirschhorn 

GLIDE REFLECTION 

A glide reflection in 2-D is a transformation 

consisting of a translation combined with a 

reflection about a line parallel to the direction of 

the translation. A glide reflection is sometimes 

called a transflection. 
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at the University of New South Wales. They were 

particularly interested in relaxing the condition that all 

the angles should be equal, but keeping the equal sides. 

They conducted a week-long study group of Form 5 

(U.K. Y11) high school students to find out what was 

possible. The students found new ways in which the 

equilateral pentagon with angles (in order) of 

140°, 60°, 160°, 80°, 100° can tile the plane. This 

particular tile is interesting because the angles pack 

round a vertex in 11 possible ways. (You might like to 

confirm this. Work in multiples of 20°. Only count mirror 

images once: for example, 33434 ≡ 43433). For this 

reason, Hirschhorn christened it the ‘versa-tile’. 

Back in the 1970s ‘microcomputers’ (as they were then 

known to distinguish them from the huge machines 

used in industry and research) were primitive and not 

generally available in school. And it would be a long 

time before any could handle the dynamic geometry 

software we now take for granted. Marjorie Rice had to 

cut out shapes and slide sheets of tracing paper around 

on her kitchen table. But you live in the age of 

collaborative research (‘polymath’) projects, in which 

your computer can be both the means of research and 

the means of sharing it. Google ‘CrowdMath’, intended 

for high school students hoping to become research 

mathematicians. The problems there are unsolved but 

chosen so that, once you have studied the 

recommended articles, you should at least have a 

feeling for what the problem is! 

As far as our problem is concerned, there is a 

disappointment. It looks from the Wikipedia entry as if 

there is no Pentagon 16. At the time of writing the 

proof is still being assessed but so far has passed 

muster.  

But there is much to enjoy on the Wikipedia page 

without feeling you have to make mathematical history. 

For eight of the pentagon types there are four boxes. 

The top one shows a typical tiling; the bottom one, the 

primitive unit. The third box down lists the relations 

between the sides and angles. But the surprise is the 

second box down, which is animated. It ‘morphs’ 

through the range of tilings consistent with that set of 

sides and angles and the overall symmetry. How those 

Y11 students would have been amazed by that!  

Paul Stephenson 

CRACK THE CODE (CLUE: 2) 

TKAHNENEAECACOM 

IYUHNEORIDFOCAGYUMN 

I’TEISILNMHFRTNIE 

HNYMTLFEOEI’SILRE 

TKAHNENEAECACOM 

IYUEDEFONEM 

LTENWEMKO 

GNAERUDONBAON 

IYUONPAEOOFOGTOLCTG 

IYU’EELNDWFORFEIGON 

IYU’ELAOEFORALLN 

WETERTYIDAELWHNHPETBRS
RFON 

HNYMTLFEOEI’SILRE 

TKAHNENEAECACOM 

GNAOYEYETNIAN’NLEONDMV
RBSADTITOI 

IYUUMTTEETFOPTEOHTS 

IYUEMTYFOLTER 
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KATHERINE JOHNSON 

 

Katherine Johnson (born Katherine Coleman) grew up 

in the USA in the early 20th century in a time of 

segregation and inequality.  Her parents were forward-

thinking and instilled their passion for equality in their 

children – her father used to tell her: “You are no 

better than anyone else, and no one is better than you”, 

which is a belief she continues to hold in her 100th 

year.  An outstanding mathematician, she contributed 

to the successful American space programme, 

especially connected to the Alan Shepard 1961 first 

American flight into space and the John Glenn 1962 

first American manned orbit of Earth.   

Katherine Johnson was born on 26 August 1918 in 

White Sulphur Springs in Greenbrier County, West 

Virginia, the fourth child of Joshua Coleman and 

Joylette Lowe.  Her versatile father was a farmer, 

lumberman, janitor and handyman during his working 

life; her mother was a school teacher.  Katherine’s 

siblings were Horace (born 1912), Margaret (born 

1913) and Charles (born 1915).  Katherine excelled 

academically – at age 5 she went straight into the 

second grade (equivalent to year 3 in England) of 

primary school and by the age of 10, she was ready for 

high school, which normally students enter aged 13.  

She showed a talent for mathematics early on, counting 

everything around her, from dishes, steps and stars in 

the night sky. 

With no high school for black children in their local 

area, the Coleman family looked further afield.  For the 

next few years, Joylette Coleman rented a house in 

Institute, Kanawha County, each September and moved 

there with her four children so that they could attend 

the high school on the campus of West Virginia State 

College.  At the end of each school year they travelled 

back the 125 miles to spend the summer with their 

father, where he was farming.  Katherine graduated 

from the high school aged 14, having excelled in 

mathematics.  She also developed a love of astronomy 

during her school years, walking home each evening 

with the school principal who would point out the stars 

and constellations to her. 

Upon leaving high school, Katherine gained a full 

scholarship in 1933 to West Virginia State College 

(now West Virginia State University).  At that time, the 

State College was a black college, founded in 1891 as 

the West Virginia Colored Institute.  Katherine took 

three subjects (English, French and mathematics) 

initially, deciding later to “major” (i.e. focus her studies) 

in both French and mathematics.  One of her 

mathematics lecturers was William Waldron Schieffelin 

Claytor, an inspiring teacher who recognised her 

potential and ensured that Katherine took all the 

necessary courses to prepare her for a career in 

mathematics research.  Realising that Katherine would 

need a course in analytical geometry that the College 

did not offer, Claytor put one on especially for her.  

Katherine graduated in 1937 with a Bachelor in Science 

in French and mathematics “summa cum laude” [with 

highest honour]. 

Katherine excelled academically:  she was put 

into a class three years ahead of what was 

normal for her age. 

At college a special course on analytic 

geometry was put on for her. 
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With few opportunities for black people in the USA to 

enter mathematics research at this time, Katherine 

started teaching in an elementary [primary] school in 

Marion, Virginia, to pass the time until a research post 

might become available.  Katherine met her future 

husband, James Francis Goble, in Marion and they 

married secretly in 1939, since married women were 

not allowed in the classroom at that time.  In 1940, 

Katherine was asked to join the post-graduate 

mathematics programme at West Virginia State 

University, which she accepted, but had to withdraw 

when she became pregnant with her first child.  

Katherine spent the next years raising her family, 

returning to teaching when the children were 

sufficiently old enough.  Katherine and James had three 

daughters in total, Constance, Joylette and Katherine, 

all of whom became mathematicians and teachers. 

In 1952, while visiting family in Newport News, 

Virginia, Katherine learnt that the National Advisory 

Committee for Aeronautics (NACA) in Hampton hired 

black female mathematicians.  They had hired women 

as “computers” since 1935, and, because of manpower 

shortages due to World War II, had also hired black 

women in this role.  The occupation of “computer” 

meant the person performed mathematical calculations.  

Katherine and James moved their family to Newport 

News, with Katherine working as a substitute teacher 

while she applied to NACA, securing a permanent 

position there in 1953.  James secured a post as a 

painter in the Newport News shipyard. 

At NACA, Katherine was assigned to the office that 

housed the black women computers, the West Area 

Computers section, supervised by Dorothy Vaughan.  

Initially Katherine read data from the black boxes of 

aeroplanes and undertook other precise mathematical 

tasks.  She was soon loaned to the Flight Research 

Division, who were working on top-secret work, being 

pioneers of the space era.  The Russians were 

attempting space flight and NACA was supporting the 

USA military strategy.  Katherine’s knowledge of 

analytical geometry and her accurate work helped the 

all-male flight research team accept her into their midst 

– and they forgot to return her to the computer 

section.  For four years, Katherine analysed data from 

flight tests and worked on the investigation of a plane 

crash caused by wake turbulence.  As this work was 

being completed, James died of an in operable brain 

tumour, in December 1956.   

The Soviets launched the Sputnik satellite in 1957, 

which was the first artificial Earth satellite.  In 1958, 

NACA became NASA, the National Aeronautics and 

Space Administration, responsible for the civilian space 

programme, as well as aeronautics and aerospace 

research.  Segregation ended at this point within the 

organisation, with no more separate cloakrooms or 

canteen areas for blacks and whites.  But discrimination 

between men and women persisted.  Women were not 

allowed to attend briefings or put their names onto 

research reports.  Katherine worked in the division that 

created the equations needed to track a space vehicle.  

To develop the necessary mathematics and physics to 

advance their work in this exciting new area, the men 

held briefings at which they discussed their ideas and 

knowledge in order to learn from each other.  

Katherine kept listening and asking questions about the 

briefing sessions, to such an extent that she wore the 

men down, and eventually they let her attend the 

briefings.  Katherine provided some of the mathematics 

in the 1958 document “Notes on Space Technology”, 

created from the series of lectures given by the 

engineers from the Flight and Pilotless Aircraft 

Research Divisions.   

Katherine and James were married secretly in 

1939 and had three daughters who became 

mathematicians and teachers. 

Katherine became one of the black women 

computers. Her work in analytical geometry 

meant she did invaluable top-secret work as a 

pioneer in the space age.  
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Katherine also broke the restriction on women 

authoring research reports.  Ted Skopinski and she 

were working on “Determination of Azimuth Angle at 

Burnout for Placing a Satellite over a Selected Earth 

Position”.  This report contained the theory necessary 

for launching, tracking and returning space vehicles to 

Earth.  Before the report could be finished, Ted 

Skopinski left to go to Houston.  He told the supervisor 

that Katherine should finish the report since she had 

done most of the work – with Ted’s departure, the 

supervisor had no choice but to comply.  This was the 

first of 26 reports that she was to co-author or author 

and was, arguably, the most important, since it was 

used for calculating trajectories, launch windows and 

emergency return paths 

for the Project Mercury 

spaceflights, including 

those for Alan Shepard 

in 1961 and John Glenn 

in 1962.   

Katherine’s work helped 

ensure that Alan 

Shepard’s Freedom 7 

Mercury capsule would be found swiftly after landing, 

using the accurate trajectory that had been established.  

When NASA used electronic computers for the first 

time to calculate John Glenn’s orbit around Earth, there 

was some nervousness about the accuracy of the data.  

Glenn asked specifically for Katherine to verify 

manually the numbers that were critical to his mission, 

because of her reputation for accuracy.  These were far 

more difficult calculations than needed previously for 

space flight, since they had to account for the 

gravitational pull of the celestial bodies.  They required 

calculation of the output for eleven different variables 

to eight significant figures.  It took Katherine a day and 

a half to verify the data, but her confirmations of the 

figures gave John Glenn the confidence that his flight 

should proceed.   

Katherine helped calculate the trajectory for the 1969 

Apollo 11 flight to the Moon, and the rendezvous paths 

for the Apollo lunar lander and command module.  Her 

back-up procedures and charts helped set a safe path 

for Apollo 13’s crew’s return to Earth after the mission 

had to be aborted.  She subsequently worked on the 

beginning of the Space Shuttle programme, the Earth 

Resources satellite and plans for a mission to Mars. 

In 1959, Katherine married James A. Johnson, a former 

US Army lieutenant who was a Korean war veteran, 

and a US Army Reserve member.  She served at NASA 

until her retirement in 1986, accruing 33 years of 

service.  During her employment there, Katherine 

received the NASA Lunar Orbiter Award and won the 

NASA Special Achievement Award three times.   

Puzzles, bridge, travelling and watching sport are 

Katherine’s pastimes of choice since her retirement, as 

well as speaking about her career to encourage 

students to aim high and to fulfil their potential.  She 

was named mathematician of the year in 1997 by the 

National Technical Association and holds numerous 

Honorary degrees from various USA universities.  West 

Virginia State College awarded her Outstanding 

Alumnus of the Year in 1999, and this year endowed a 

STEM scholarship in her honour, as well as erected a 

life-size statue of her on its campus.  In 2015, President 

Barack Obama presented her with the Presidential 

Medal of Freedom.  NASA in 2016 named one of their 

Langley Research Centre buildings the “Katherine G 

Johnson Computational Research Facility”.  The film 

“Hidden Figures”, based on the lives of Katherine 

Johnson and two other black women computers, 

Dorothy Vaughan and Mary Jackson, was released in 

2017. 

Jenny Ramsden  

Katherine authored, or co-authored a total of 

26 research reports, the first being concerned 

with the theory needed to bring space vehicles 

back to Earth. 

She was mathematician of the year in 1997.  
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A BASIC ROCKET EQUATION 

Katherine Johnson’s work in calculating orbits and 

trajectories required precision of a very high order.  

However, looking at a very simple model is a valuable 

starting point, even though it does not reflect the very 

high order of mathematics employed by NASA. 

Newton’s second law of motion states that the rate of 

change of momentum is proportional to the force and 

is in the same direction as the force.  Momentum is 

given by mass × velocity, mv, so the law in non-

vectorial form becomes 𝐹 ∝  
𝑑

𝑑𝑡
(𝑚𝑣)  or  

 𝐹 = 𝑘
𝑑

𝑑𝑡
(𝑚𝑣) = 𝑘𝑚

𝑑𝑣

𝑑𝑡
 .   

If we specify units so that a force of 1 Newton propels 

a mass of 1 kilogram with an acceleration of 1 metre 

per second per second (ms-2), then k = 1.  So Newton’s 

law becomes 

𝐹 = 𝑚
𝑑𝑣

𝑑𝑡
 , (Force = mass × acceleration) (1) 

We now work out, from first principles, the 

instantaneous rate of change of momentum in the case 

of a rocket in which the propellant is discharged at a 

speed c relative to the missile. 

 

The crude diagram above of this state of affairs shows 

the changes in the time interval (𝑡, 𝑡 +  𝛿𝑡).  (x  

represents a small change in x).  The change of 

momentum is given by 

(𝑚 +  𝛿𝑚)(𝑣 + 𝛿𝑣) + (−𝛿𝑚)(𝑣 + 𝛿𝑣 − 𝑐) − 𝑚𝑣  

approximately.  So the average rate of change in time t 

is given by the above expression divided by t, which 

simplifies to 𝑚
𝛿𝑣

𝛿𝑡
+ 𝑐

𝛿𝑚

𝛿𝑡
 . In the limit, as 𝛿𝑡 → 0, the 

instantaneous rate of change is given by  𝑚
𝑑𝑣

𝑑𝑡
+ 𝑐

𝑑𝑚

𝑑𝑡
  

which is equal to an external force, F, say.  We write 

this analogously to (1) as 

𝐹 − 𝑐
𝑑𝑚

𝑑𝑡
= 𝑚

𝑑𝑣

𝑑𝑡
 (2) 

The second term of (2), −𝑐
𝑑𝑚

𝑑𝑡
, measures the thrust 

provided by the propellant.  (Note: −𝑐
𝑑𝑚

𝑑𝑡
 is positive 

since c > 0 and 
𝑑𝑚

𝑑𝑡
< 0; the mass of the rocket is 

diminishing due to loss of propellant). 

We now look briefly at what we may call a “slingshot” 

situation.  Our space-ship is passing with speed U close 

to a planet.  In order to orbit the planet, we need to 

reduce the speed to V.  To achieve this, we use a retro-

rocket that ejects fuel from the front of the ship with 

speed c relative to the ship.  If we ignore the external 

force (of gravity) and replace c by −c in (2) then the 

equation becomes  −𝑐
𝑑𝑚

𝑑𝑡
+ 𝑚

𝑑𝑣

𝑑𝑡
= 0 , or 

dv c

dm m
= . (3) 

If we denote the initial mass by m0 and by mf the mass 

of fuel used, then readers can show by integrating 

equation (3), that  
𝑚𝑓

𝑚0
= 1 −  𝑒

𝑉 − 𝑈

𝑐  . 

Graham Hoare 

CIRCULAR GRIDS 

Most grids covering holes in the ground are 
circular. This is because a circular grid cannot be 
dropped down a small circular hole on which it 
rests. However, a square grid can be dropped 
down a smaller hole by turning it on its edge and 
then dropping it down along a diagonal of the 
hole below it. 
The only other grids that cannot be dropped 
down their holes are those of constant width, like 
a 20p or 50p piece. 
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EXPERIMENTING WITH 
ROCKETS 

Part of the mechanics course in A Level Mathematics 

covers the mathematics of projectiles. You can do some 

experiments yourself to get a feel of how projectiles 

travel if you have some Christmas money left to buy 

yourself a rocket kit! For around £10 (search Amazon 

or eBay to see the cheapest kit that you fancy) you can 

purchase a STOMP rocket kit that allows you to fire 

rockets by means of a rocket launcher that can be 

directed to fire at various angles. 

 

It is worth getting a kit than includes a few rockets, or 

buy some extra ones in case you lose some. 

You probably want to get used to the kit before 

starting with any experiments, so spend a bit of time 

getting used to how it works. You may wish to see how 

high you can get it to reach, but how do you measure 

the highest point it reaches? It is easier to see how long 

it takes from leaving the launch pad to reaching the 

ground as you can measure the time of flight by using 

the stopwatch facility on your phone. 

Measuring the horizontal distance the rocket travels is 

easier as you can use a tape measure or metre rule to 

determine that distance. One of the more interesting 

experiments is to determine the best angle to launch 

the rocket so that it travels the maximum horizontal 

distance. To do that experiment you will need an angle 

measurer to measure the angle at which the rocket is 

launched.  

Record the angle and distance travelled in a table like 

this one: 

Launch angle in 
degrees (θ) 

Horizontal 
distance 

travelled in 
metres (d) 

Time of travel 
in seconds (t) 

0   

10   

20   

…   

90 0  

 

Record three results for each angle of projection and 

take the mean of these results as that with average out 

any inconsistencies with the force it was launched, 

varying wind effects etc. 

Once you have collected your results, plot some graphs 

and use them to make some deductions. For instance, 

you might like to plot the horizontal distance travelled 

in metres (d) against the launch angle in degrees (θ) to 

find the angle that gives the maximum distance.  

 

The UK Youth Rocketry Challenge (UKRoC) and have 

been running an annual rocket building event since 

2006. The challenge is aimed at students aged 11 – 18 

from any secondary schools, colleges, educational 

facilities or youth groups to design, build and launch a 

model rocket with a fragile payload. The rocket must 

reach a set altitude with specific total flight duration 

and must adhere to the specific set rules. For full 

details about the competition, visit 

https://www.ukayroc.org.uk/ You must register for the 

competition before the deadline of February 28. 

Peter Ransom 

https://www.ukayroc.org.uk/
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CIRCLE PARTS AND REGIONS 

This page is about generating number patterns and 

formulae from divisions within and outside a circle. In 

each case we are interested in finding the maximum 

number of regions possible. It is also about recognising 

parts of a circle. 

Definition of a region 

A circle drawn on a page divides it into two regions, 

that part of the surface inside the circle and that part      

outside. When a network is drawn on a piece of paper 

it will divide it into several regions each bounded by 

arcs. 

Radii 

 

Number of radii (r) Number of regions (R) 
1 2 

2 3 

3 4 

4 5 

5  

6  

It is not too hard to see that the equation linking R and 

r is given by R = r + 1. 

Diameters 

 

Number of diameters (d) Number of regions (R) 
1 3 

2  

3  

4  

5  

6  

Fill in the table and find the equation linking R and d. 

Chords 

A chord of a circle is any straight line drawn across a 

circle, beginning and ending on the curve making the 

circle. A chord that passes through the centre is also a 

diameter. 

 

Number of chords (c) Number of regions (R) 
1 3 

2  

3  

4  

5  

6  

Fill in the table and find the equation linking R and c. 

Tangents 

A tangent to a circle is a line which, no matter how far 

it is extended, touches the circle at one point. From any 

one fixed point outside a circle two tangents can always be 

drawn to that circle. The radius drawn at the point where 

the tangent touches the circle is at right angles to the 

tangent. 

 

Number of tangents (t) Number of regions (R) 
1 3 

2  

3  

4  

5  

6  

Fill in the table and find the equation linking R and t. 

1 
2 

1 

2 

1 

2 

3 

1 

2 3 

4 

6 

5 

1 
3 

The definitions come from The Oxford 

Mathematics Dictionary by Frank Tapson. 
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Secants 

A secant is a line which cuts across a circle at two 

points. A tangent can be considered a special case of a 

secant in which the two points are coincident (two lines or 

shapes that lie exactly on top of each other). 

 

Number of secants (s) Number of regions (R) 
1 4 

2  

3  

4  

5  

6  

Fill in the table and find the equation linking R and s. 

Neil Walker 

INTERESTING SQUARES – 
FOLLOW UP 

Matthew Mason sent the following explanation of how 

he found the ten-digit square numbers that consist of 

ten different digits. 

My program runs through all the ten-digit square numbers, 
starting from 316222 and ending with 1000012. It then 
loops through each of the ten digits, counting how many 
appears exactly once. If the count equals ten, it prints the 
required number and its root.  

for root in range(31622, 100001): 

number = root * root 

  loop = 0 

for n in range(10): 
   if str(number).count(str(n)) == 1: 

loop = loop + 1 

if loop == 10: 
print(root, number) 

 
By making a few alterations I was able to find square 
numbers in other bases. 443405 squared gives a value 
which is 764210a5983 in base 11, using eleven digits once 
each.  

Matthew Mason 

MISSING PIECE PUZZLES 

See if you can work out what is happening here. 

 

If you have got a 7-piece tangram handy, try the same 

thing: 

 

Paul Stephenson 

1 

2 3 

4 
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PUZZLE PAGE 

Suguru or Tectonic 

These logic puzzles now appear in various newspapers 

and on the continent, you can buy booklets of them. 

The rules are simple:  

1) complete the grids putting one digit in each cell such 

that it does not touch another cell that contains the 

same digit, not even diagonally; 

2) a zone of two cells contains the digits 1 and 2, a zone 

of three cells contains the digits 1, 2 and 3 etc. 

Easy Medium 

5    
 

3    

   3      

 3   
 

   1 

1    
 

    

 2   
 

 3  3 
 

Harder 

 4       4 

   3      

         

        2 

     4    
 
Very hard 

      4   

 3   2     

      3   

2  4      4 

    3     

STUDENT PROBLEMS FROM THE 
MATHEMATICAL GAZETTE 

The Mathematical Gazette is published by The 

Mathematical Association three times a year. It is one 

of the leading journals in its field, publishing important 

and influential articles about the teaching and learning 

of mathematics.  It also features fascinating expositions 

of attractive areas of mathematics, book reviews, and a 

teasing problem corner.  Its readership spans the globe 

and includes school teachers, college and university 

lecturers, students, educationalists and others with an 

interest in mathematics.  

There are two or three student problems in each 

edition and for those readers who fancy flexing their 

mathematical muscles I will publish a few problems 

here in SYMmetryplus from various years from time to 

time – the numbering will give you a clue to the year! 

Problem 1992.1 

x, y and z are positive real numbers with 1xy yz zx+ + =  

Show that 3x y z+ +  . 

Problem 1992.2 

What are the last two (right-hand) digits of the number 

1992 when written in the normal decimal notation? 

Problem 1992.3 

Give, with working, the prime factorisation of the 

twenty-digit number 12 318 876 808 768 112 319. You 

may quote in your solution the results of using a non-

programmable pocket calculator. 

These three problems were the very first ones 

published and they hold a special place in my memory 

because I gave them to the A level class I was teaching 

at the time and one of my students, Brian Fulthorpe, 

submitted solutions to the second and third problems 

and was mentioned in the report as being the only 

person who submitted the correct answer to the third 

question. Well done Brian! 

Peter Ransom 
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SIMPLY SOLVE 

Here are some familiar and not so well-known 

problems. How many can you solve? 

 

 

  

 

 

 

How many spots are there altogether on 

eleven normal, six-sided dice?  

 

1 

 

 

32 people enter a table-tennis knockout 

competition. A new ball is used every 

game. How many balls are used? 

2 

 

Fencing is sold in 3 metre length panels. 

How many posts are needed for a straight 

line of fencing that is 30 metres long? 

3 

 nos. 

1, 3, 6, 10, 15, … are called triangular 

numbers. 

Work out the 31st triangular number. 

What else is rather special about this 

number? 

 

4 

 

How many rectangles can you see in the 

diagram below? 

    

    

 

5 

  

 

 

 

 

Find the sum of all the diagonals that can 

be drawn inside a pentagon, hexagon and 

heptagon. 

6 

 

A boxing match has twelve rounds each of 

3 minutes and there is a minute between 

each round. How long does the match last? 

7 

  

 

How many triangles are there in the above 

diagram? 

8 
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Neil Walker 

 

If a = 1, b = 2 … z = 26, then  

. 

Work out the value of cakes.  

9 

 

A triangular field has a tree in each corner 

and five trees along each side. How many 

trees altogether? 

10 

 

Some boys and girls have £32 between 

them. Each boy has £4 and each girl £5. 

How many boys were there? 

11 

 

You have some rabbits and pigeons. In 

total there are 7 heads and 18 legs. 

How many rabbits do you have? 

12 

 

How many times in 24 hours are the hands 

of a clock at right angles to one another?  

13 

 

The first odd number is 1. 

What is the 999th odd number?   

14 

 

I save 5p today, 10p tomorrow, 15p the 

next day and so on, 5p more each day. 

How much will I have at the end of two 

weeks? 

15 

 

A collection of birds and beasts has 

between them 120 feet and 43 heads. How 

many birds and beasts? 

16 
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GRID GEOMETRY 

     

Ignoring the writing on the grids, what symmetries can you see? These grids were seen while walking in London. 

     


